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Despite their potential importance for understanding astrophysical jets, physically realistic ex-
act solutions for magnetospheres around Kerr black holes have not been found, even in the
force-free approximation. Instead approximate analytical solutions such as the Blandford-Znajek
(split-)monopole, as well as numerical solutions, have been constructed. In this paper we consider a
new approach to the analysis and construction of such magnetospheres. We consider force-free elec-
trodynamics close to the rotation axis of a magnetosphere surrounding a Kerr black hole assuming
axisymmetry. This is the region where the force-free approximation should work the best, and where
the jets are located. We perform a systematic study of the asymptotic region with (split-)monopole,
paraboloidal and vertical asymptotic behaviors. Imposing asymptotics similar to a (split-)monopole,
we find under certain assumptions that demanding regularity at the rotation axis and the event hori-
zon restricts solutions of the stream equation so much that it is not possible for a solution to be
continuously connected to the static (split-)monopole around the Schwarzschild black hole in the
limit where the rotation goes to zero. On the one hand, this result provides independent evidence
to the issues discovered with the asymptotics of the Blandford-Znajek (split-)monopole in Ref. [1].
On the other hand, we also point out possible caveats in our arguments that one could conceivably
exploit to amend the perturbative construction of the Blandford-Znajek (split-)monopole.
I. INTRODUCTION
Astrophysical electromagnetic jets coming out of spin-
ning compact objects, such as pulsars and active galactic
nuclei, are among the most fascinating phenomena that
we observe in our universe. Despite the many observa-
tions and the advanced numerical simulations, our cur-
rent understanding of the physics of astrophysical jets
is incomplete. It is therefore important to construct an
analytical model that, combined with detailed numerical
simulations, could guide us in describing the physics of
astrophysical jets and that could be used to improve our
understanding of these phenomena.
In this paper we consider the magnetosphere of a spin-
ning black hole. The magnetosphere, in concert with the
plasma of an accretion disc surrounding the black hole,
is responsible for the astrophysical jet. The mechanism
that is thought to be responsible for the energy extraction
and electromagnetic jet production from spinning black
holes is the Blandford and Znajek (BZ) process [2–6]. It
was proposed in the context of the so-called Force Free
Electrodynamics (FFE) approximation. Within this ap-
proximation, the plasma is assumed to be in equilibrium
with the electromagnetic field, making it magnetically
dominated, and it is moreover assumed that one can ne-
glect the energy density of the plasma.
Despite the success in finding analytical solutions of
the FFE Eqs. (3) in flat space and for the magnetosphere
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surrounding Schwarzschild black holes (see for example
[2]), it has proven to be highly difficult to find solutions
for the case of rotating black holes. A proposal for con-
structing analytical solutions of FFE for Kerr magneto-
spheres was introduced in [2] in the limit of slow rotation
by means of a perturbative expansion in the angular mo-
mentum of the black hole, assuming the solutions are sta-
tionary and axisymmetric. This was considered for the
so-called (split-)monopole and paraboloidal cases. In [1]
we examined the asymptotic behavior of the Blandford-
Znajek (split-)monopole solution, finding that the first
non-trivial perturbative correction does not behave as
one would expect from a monopole.
The asymptotic behavior of the electromagnetic field
is crucial for our understanding of the magnetosphere.
Otherwise, a solution that might superficially look like a
monopole close to the black hole could diverge or change
into a different type of magnetosphere, with different
asymptotic behavior of the field lines. Astrophysical jets
have a length scale much larger than the black hole itself.
Hence, one needs to have control of the behavior of the
electromagnetic field also far away from the black hole.
However, it seems that the asymptotic behavior of the
electromagnetic field has not been sufficiently addressed
in the case of the BZ (split-)monopole solution and how
this affects its perturbative construction in a small rota-
tion limit. Our work [1] was motivated by the works [7, 8]
where the fourth order term in the perturbative expan-
sion was considered and found in [7] to diverge. We found
in [1], using a matched asymptotic expansions approach,
that already at second order the perturbative solution of
the FFE equations does not have the appropriate asymp-
totic behavior for a (split-)monopole.
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2One of the goals of this paper is to understand better
the perturbative construction of the BZ (split-)monopole
solution. This we address using an entirely different ap-
proach to the problem. We find that, under the assump-
tions we consider in this paper, there are issues for the
perturbative construction of the (split-)monopole solu-
tion which are special to that type of asymptotic behav-
ior, and they do not persist for other types of asymptotic
behaviors, such as magnetospheres with paraboloidal and
vertical field lines [9].
The new approach that we introduce in this work is to
consider a perturbative expansion of the analytical solu-
tions of the FFE equations around the rotation axis of the
Kerr black hole. We assume that the solution is station-
ary and axisymmetric, and thus with the same rotational
symmetry as the Kerr black hole. The FFE equations re-
duce to the so-called Stream equation for a flux function
ψ along with the current I(ψ) and the angular velocity
Ω(ψ) [6]. In terms of the spherical coordinates (r, θ, φ)
of the Kerr-Schild coordinates for the Kerr metric we
expand around the rotation axis at θ = 0. The flux func-
tion is expanded as ψ =
∑∞
n=1 θ
2nψn(r) while I(ψ) and
Ω(ψ) are infinite series in powers of ψ with I(0) = 0.
Given any three functions ψ1(r), I(ψ) and Ω(ψ), one has
a solution of the Stream equation that is regular at the
rotation axis. We then impose regularity at the horizon
and that the solution is well-behaved in the asymptotic
region. We consider three possible asymptotic behaviors:
monopole, paraboloidal and vertical.
The region around the rotation axis is particularly rel-
evant for applications to astrophysical jets for two impor-
tant reasons. Firstly, assuming stationarity and axisym-
metry, the jets lie in this region very close to the rotation
axis of the Kerr black hole. Secondly, this is the region
in which the force-free approximation should work the
best. One reason for this is that the velocities of the field
lines are below the speed of light close to the rotation
axis, hence it is possible for the plasma to follow the field
lines as it should in the FFE approximation. Moreover,
it is supported by GRMHD simulations where one finds
that the energy density of the plasma is low in the region
around the rotation axis [10].
An advantage of our approach is that one can consider
a finite rotation parameter α = J/(GM2) of the Kerr
black hole with angular momentum J and mass M . For
the monopole-type asymptotics, our approach with ex-
panding the Stream-equation in powers of θ around the
rotation axis yields the surprising result that ψ1(r) is
highly constrained and in addition there are some con-
straints on I(ψ) and Ω(ψ) as well. In particular, as-
suming that ψ1(r) does not go to zero in the asymptotic
region, one gets that there are terms that go like pow-
ers of (log r)/r which one cannot set to zero for α > 0.
However, the perhaps most surprising result is that when
performing an α→ 0 limit there are terms which are di-
vergent in α. This is seen by performing a systematic
expansion of ψ1(r) at large r up to order r
−11.
One of our results is that no matter the choice of I(ψ)
and Ω(ψ), there are always terms in the flux function
that diverge for α → 0. It is important to note that
this result relies on certain assumptions, such as that the
θ → 0 and r →∞ limits of ψ(r, θ) commute and that the
θ2 part of ψ(r, θ) in the θ → 0 limit is non-zero at the
event horizon.
If we instead consider paraboloidal and vertical type
asymptotics, we find that, in the case of paraboloidal
asymptotics one has to impose that ψn(r)rn is finite for
r →∞ for all n ≥ 1, while for the case of vertical asymp-
totics there are no constraints that need to be imposed,
meaning that any choice of the function ψ1(r) solves the
Stream equation for vertical type asymptotics.
The results of this paper strongly suggests that we need
to revisit the BZ (split-)monopole solution, since its cur-
rent perturbative construction seem to fail. We point
out that a possible resolution would be to use a mag-
netic flux function ψ(r, θ) which is not smooth across the
outer light surface.
The (split-)monopole solution has played a very im-
portant role as a simple model for astrophysical jets. Re-
cently, it has been used to compute the expected power
output relevant for the radio loud/quiet dichotomy of
active galactic nuclei [11]. Moreover, it has been used
as a test case for many numerical simulations [11–19].
This poses the question of how to reconcile the numerical
studies with the results of this paper. Finally, magne-
tospheres with split-monopole-like behavior of the field
lines seem a good description of the Crab Pulsar, al-
though this is a neutron star and hence our boundary
conditions at the event horizon do not apply.
II. FORCE FREE ELECTRODYNAMICS
AROUND KERR BLACK HOLE
We begin by reviewing the equations for FFE in the
background of a Kerr black hole following the expositions
in [7, 14, 20]. The metric for the Kerr black hole in Kerr-
Schild coordinates is
ds2 = −
(
1− r0r
Σ
)
dt2 +
2r0r
Σ
drdt+
(
1 +
r0r
Σ
)
dr2
+Σdθ2 − 2ar0r sin
2 θ
Σ
dφdt− 2a
(
1 +
r0r
Σ
)
sin2 θdφdr
+
(
∆+
r0r(r
2 + a2)
Σ
)
sin2 θdφ2 , (1)
with
Σ = r2 + a2 cos2 θ , ∆ = (r − r+)(r − r−) ,
r± =
r0
2
(1±
√
1− α2) , a = r0
2
α .
(2)
Here α is proportional to the angular momentum and is
in the range 0 ≤ α ≤ 1. The Kerr black hole is stationary
and axisymmetric.
The equations for force-free electrodynamics (FFE) are
the Maxwell equations combined with conservation of the
3electromagnetic energy-momentum tensor,
Fµν = ∂µAν − ∂νAµ , FµνDρF νρ = 0 , (3)
with the condition DµF
µν 6= 0 and where Aµ is the gauge
potential and Fµν the electromagnetic field strength. We
assume the FFE configurations are stationary and ax-
isymmetric around the same rotation axis as the Kerr
black hole. Hence we can choose a gauge with ∂tAµ =
∂φAµ = 0. The magnetic flux ψ(r, θ) and the total elec-
tric current I(r, θ) are given by
ψ = Aφ , I =
√−gF θr . (4)
The angular velocity Ω of the magnetic field line satisfies
∂rAt = −Ω ∂rψ and ∂θAt = −Ω ∂θψ. It follows from
this that
∂rΩ∂θψ = ∂θΩ∂rψ . (5)
Using the t, φ components of the second equation of (3)
one gets furthermore
∂rI∂θψ = ∂θI∂rψ . (6)
The integrability conditions (5)-(6) imply that Ω and I
are functions of ψ,
Ω = Ω(ψ) , I = I(ψ) . (7)
From (3) one finds furthermore the Stream equation
−Ω ∂µ(
√−gF tµ) + ∂µ(
√−gFφµ) + Frθ dI
dψ
= 0 . (8)
Moreover, the toroidal magnetic field Bφ is
Bφ =
1√−gFrθ = −
IΣ +
(
Ωr0r − a
)
sin θ∂θψ
∆Σ sin2 θ
. (9)
Finding a solution of the FFE equations corresponds to
finding ψ, Ω and I that solve the integrability conditions
(7) and the Stream equation (8).
III. EXPANSION NEAR ROTATION AXIS
We now expand the fields ψ, Ω and I around the rota-
tion axis at θ = 0. We impose the physical requirement
that there are no sources at the rotation axis. This means
the one-form Aµ should be smooth at θ = 0. In partic-
ular, this requires ψ = 0 at θ = 0. Moreover, ψ can be
expanded in even powers of θ for θ → 0,
ψ(r, θ) =
∞∑
n=1
θ2nψn(r) . (10)
Indeed, a term with odd powers of θ, or of the form
θn(log θ)m, would mean that Aµ is not a smooth one-form
at θ = 0. Similarly, one finds that Ω(r, θ) and I(r, θ) can
be expanded in even powers of θ. From regularity of Bφ
in Eq. (9) at θ = 0 we find that I = 0 at θ = 0. Using
this with the integrability conditions (7) we find that Ω
and I have the following expansions around θ = 0
Ω(ψ) =
1
r0
∞∑
n=0
ωnψ
n , I(ψ) =
1
r0
∞∑
n=1
inψ
n . (11)
The Stream equation (8) can be written as
∂θ
(
∂θψ
θ
)
= (r2 + a2)
[
∂θ(a sin
2 θBφ) + ∂r(
√−gFφr)]
−∂θ
[(
r2 + a2
Σ sin θ
− 1
θ
)
∂θψ
]
+(r2 + a2)
[
Frθ
dI
dψ
−Ω∂µ(
√−gF tµ)
]
.(12)
Inserting the expansion (10)-(11) in this, one finds at or-
der θ that the LHS is 8ψ2(r) and the RHS is an expression
involving ψ1(r) and its derivatives, and various constant.
More generally, one can show from this at higher orders
in θ that ψk(r) for k ≥ 2 is given by ψ1(r) and its deriva-
tives, along with the constants ωn, in, r0 and α. In other
words, given any function ψ1(r), and any choice of con-
stants ωn, in, r0 and α, one has a solution of the Stream
equation (8) that is regular at the rotation axis θ = 0.
Below we impose regularity at the event horizon r = r+
and in the asymptotic region r →∞, which give further
conditions.
Notice that given a solution ψ(r, θ) one can generate a
new solution by the rescaling
ψn(r)→  ψn(r) , ωn → −nωn , in → 1−nin , (13)
where  is constant.
IV. HORIZON REGULARITY
At the event horizon r = r+ of the Kerr black hole we
demand regularity of ψ and Bφ. Regularity of ψ follows
from regularity of ψ1(r) by Eq. (12). Regularity of B
φ
then follows from(
IΣ +
(
Ωr0r+ − a
)
sin θ∂θψ
) ∣∣∣
r=r+
= 0 , (14)
known as the Znajek condition [21]. At lowest order in θ
this gives
ψ1(r+) = 0 or i1 =
2r0(a− r+ω0)
a2 + r2+
(15)
Suppose we have a solution with α 6= 0 and i1 = ω0 =
0. From (15) we see that ψ1(r+) = 0. It is straightfor-
ward to prove recursively using (14) that ψn(r+) = 0 for
all n ≥ 1. Using the Stream equation (12), order by or-
der in θ, one can show this implies that the derivatives of
ψ1(r) are zero at r = r+ [22]. Thus, we have shown that
ψ1(r) = 0 and thereby ψ(r, θ) = 0 at least in a region
4that surrounds the horizon. But this means such a solu-
tion is not physically interesting as it does not interact
with the black hole, and hence we discard it.
Another case that will be relevant below is if i1 = ±2ω0
and ψ1(r+) 6= 0. Combining this with Eq. (15) we find
i1 = 2ω0 =
a
r+
. (16)
Note that ΩH = a/(r0r+) is the angular velocity of the
Kerr black hole so that for θ = 0 one has
Ω|θ=0 = 1
2
ΩH . (17)
V. ASYMPTOTIC REGION
To understand a solution of the FFE equations in the
background of the Kerr black hole, it is crucial that one
knows the asymptotic behavior of the solution. For one
thing, if one knows only the solution close to the event
horizon the solution might diverge in the asymptotic re-
gion, rendering it meaningless. But also for its physical
interpretation it is important. If the solution asymptot-
ically behaves like a magnetic monopole we can inter-
pret it as the black hole is interacting with a magnetic
monopole. Moreover, knowing the asymptotic behavior
of the magnetic field lines is crucial for application to the
formation of astrophysical jets.
Note that it is expected that far away from the black
hole the FFE approximation should break down [23]. Ob-
viously, such a breakdown would affect the asymptotic
region. We take here the attitude that we are solving
a well-posed problem in the framework of FFE in the
vicinity of a Kerr black hole, and that a careful analysis
of this problem can be a good starting point for a more
realistic model in which one can also include effects that
go beyond FFE. This is further commented on in the
conclusions.
We now define the types of asymptotic behaviors that
we shall consider in this paper. We consider here for
convenience the half of Kerr space-time defined by 0 ≤
θ < pi/2. This is the part of space-time that is nearer to
the rotation axis at θ = 0. We define the following three
types of asymptotic behaviors of the flux function ψ
• Monopole-type asymptotics:
ψ finite for r →∞ with θ = fixed . (18)
• Paraboloidal-type asymptotics:
ψ finite for r →∞ with rθ2 = fixed . (19)
• Vertical-type asymptotics:
ψ finite for r →∞ with rθ = fixed . (20)
We see that in all three cases we impose that the mag-
netic flux function ψ should be finite when following the
magnetic field lines towards the asymptotic region. One
can motivate these three types of asymptotics by consid-
ering the non-rotating limit of the Kerr black hole with
a = 0, i.e. the Schwarzschild space-time. The monopole
asymptotics generalize the asymptotic behavior of the
non-rotating monopole given by
ψ = 1− cos θ , (21)
with Ω = I = 0. In this case the magnetic field lines are
simply the radial curves. However, the monopole asymp-
totics apply as well to the Michel monopole [24] and the
hyperbolic solution [9]. The paraboloidal asymptotics
generalize the asymptotic behavior of the paraboloidal
solution
ψ = r(1− cos θ) + r0(1 + cos θ)(1− log(1 + cos θ)) . (22)
This is clear from following the paraboloidal field lines for
r → ∞, since the leading term for large r is ψ ' 12rθ2.
Finally, the vertical asymptotics generalize the asymp-
totic behavior of the non-rotating vertical solution
ψ = r2 sin2 θ , (23)
with Ω = I = 0 since for large r the flux function is ψ '
r2θ2 when following the magnetic field lines. This also
applies to the perturbative solution with vertical field
lines around the Kerr black hole found in [8].
Below in Section VI we comment on the relation to
the outer light surface and whether the limits θ → 0
and r → ∞ commute for the three different types of
asymptotics.
VI. INNER AND OUTER LIGHT SURFACES
Consider the co-rotation vector field
χ = ∂t +Ω(ψ)∂φ (24)
This is co-rotating with the force-free magnetosphere.
When χ is null, χ2 = 0, one has a light surface. On
this surface one would have to move with the speed of
light to follow the magnetic field lines. For a configura-
tion with 0 < Ω(ψ) < ΩH , there are two light surfaces,
called the inner and outer light surfaces. We write the
location of the inner light surface as r = rILS(θ) and the
outer light surface as r = rOLS(θ). The outer light sur-
face r = rOLS(θ) can be understood from considering a
small but constant Ω(ψ). Then one has a cylindrical ra-
dius 1/Ω(ψ) for which the magnetic lines move at the
speed of light. Thus, the outer light surface moves in
from infinity as one turns on Ω(ψ) from zero. Instead
the existence of the inner light surface r = rILS(θ) one
can infer starting with Ω(ψ) = 0 from the existence of the
ergosphere in the Kerr black hole since that has gtt = 0.
5As shown in [6], the Stream equation (8) is singular on
the inner and outer light surfaces.
The inner light surface r = rILS(θ) ends at the rotation
axis, and can therefore be seen in a small θ expansion.
Nevertheless, we can choose to ignore it in our analysis.
The reason for this is that the only information that we
carry from the event horizon to the asymptotic region
consists of the two parameters ω0 and i1. These two pa-
rameters are determined by the functions Ω(ψ) and I(ψ)
that are the same functions everywhere in the space-time,
due to the integrability conditions (5)-(6) that follows
from the force-free equations (3). In particular, Ω(ψ)
and I(ψ) are the same functions on both sides of the
inner light surface. Thus, to summarize, the fact that
we can relate the values of ω0 and i1 between the event
horizon, as studied above, and the asymptotic region, as
studied below, is due to the integrability conditions, and
this is therefore not affected by the singular behavior of
the Stream equation (8) at the inner light surface. Nu-
merical evidence for this also follows from [11–19] since
all the numerical simulations are seen to obey the condi-
tions (16) and (17).
Regarding the outer light surface r = rOLS(θ), our
small θ expansion means that we are staying within
the inner region defined by r < rOLS(θ) since we first
take a small θ limit and only afterwards look at large r
when studying the asymptotics of the solution. How-
ever, for the monopole and paraboloidal-type asymp-
totics, Eqs. (18) and (19) we clearly go outside of this re-
gion, and enter the outer region defined by r > rOLS(θ).
Therefore, if one does not have a magnetic flux ψ(r, θ)
which is smooth across the outer light surface, the asymp-
totics that we find by our method would not necessar-
ily match the asymptotics outside the outer light surface
r = rOLS(θ). Instead, one can think of the asymptotics
that we are obtaining as that of the magnetic flux ψ(r, θ)
in the inner region r < rOLS(θ) if one analytically extends
ψ(r, θ) in this patch beyond the outer light surface. Thus,
our conclusions concerning the asymptotics is relevant for
this analytically extended version of the magnetic flux
ψ(r, θ). Of course, in case one has smoothness of ψ(r, θ)
across the outer light surface, then the analytical exten-
sion should be identical the magnetic flux ψ(r, θ) in the
outer region as well. We comment further on these points
in the conclusions.
Another point regarding the asymptotic behaviors
(18)-(20) of the flux function ψ is the question of the
commutativity of the two limits θ → 0 and r → ∞.
We are assuming these limits commute in the case of
monopole-type asymptotics for ψ(r, θ) in the inner re-
gion r < rOLS(θ). This is indeed satisfied by all known
solutions [2, 7, 9, 14, 20]. If one imagines a magnetic flux
ψ(r, θ) where these limits do not commute, this would
mean that our conclusions on the monopole-type asymp-
totics do not apply.
VII. MONOPOLE-TYPE ASYMPTOTICS
We consider here the case of monopole-type asymp-
totics (18) of the flux function. If one computes the
right-hand side of the Stream equation (12) for a generic
function ψ(r, θ) with asymptotics (18) then it goes like
r2 for large r due to the terms
(r2 + a2)
[
Frθ
dI
dψ
−Ω∂µ(
√−gF tµ)
]
, (25)
in the last line of (12). This is at odds with the left-hand
side which is finite for r → ∞. Thus, a generic solu-
tion of the Stream equation does not satisfy the correct
asymptotics. To have the correct asymptotics, we should
impose on a solution of the Stream equation that the
terms (25) are finite. Analyzing (25) for monopole-type
asymptotics (18) we see that the asymptotically leading
part of ψ, I and Ω, here denoted as ψ∞, I∞ and Ω∞,
should obey
sin θΩ∞
dψ∞
dθ
= ±I∞ . (26)
This is derived in [1]. However, while this is necessary,
it is not a sufficient condition for the terms (25) being
finite for r → ∞. Hence, one needs to impose further
conditions on the functions ψ, I and Ω that go beyond
the leading asymptotic parts ψ∞, I∞ and Ω∞.
A. Angular expansion
We now analyze the consequences of the necessary con-
ditions for having a monopole-type asymptotics (18) for
a solution of the Stream equation (12) that is expanded
in θ around the rotation axis at θ = 0.
Assuming the angular expansion (10) with the
monopole-type asymptotics (18), we need to impose
ψn(r) finite for r →∞ , (27)
for all n ≥ 1. In particular for ψ1(r) we write
ψ1(r) = f0 +
∞∑
n=1
(r0
r
)n
fn(r) , (28)
for large r where we require fn(r)/r → 0 for r →∞.
For generic choices of ψ1(r), ωn, in, r0 and α one sees
from the last line of Eq. (12) that ψn+1(r) goes like r
2n
for r →∞. Thus, ψn+1(r) is of the form
ψn+1(r) =
∞∑
k=−2n
cn,k(r)
(r0
r
)k
, (29)
for large r with cn,k(r)/r → 0 for r → ∞ and n ≥ 1.
To obey (27) we should thus ensure that cn,j = 0 for
j = −2n, ...,−1 and that cn,0 is finite for r → ∞. The
6sufficient conditions for monopole-type asymptotics (18)
are therefore
cn,−2 = 0 , cn,−1 = 0 ,
d
dr
cn,0 = 0 for n ≥ 1 . (30)
These conditions are sufficient since it is clear that
c2,−4 = 0 if we have c1,−2 = 0, and so forth.
B. Starting point for analysis
In the following we assume α 6= 0 corresponding to the
Kerr black hole.
If one starts with f0 = 0 it is straightforward to see
that the Stream equation (12) combined with the condi-
tions (30) on the asymptotic behavior lead to fn(r) = 0
for n ≥ 1. Hence this corresponds to a trivial solution.
Considering instead f0 6= 0 and ω0 = 0 one gets from
c1,−2 = 0 that i1 = 0. Hence, as shown above, horizon
regularity implies that this is a trivial solution as well.
We are thus led to consider solutions with
f0 6= 0 and ω0 6= 0 . (31)
Below we set f0 = 1 since we can use the rescaling sym-
metry (13) to set f0 = 1 without loss of generality.
C. Solving for monopole-type asymptotics
We consider here in detail the first few orders in the
expansion in θ.
Using the Stream equation (12) we compute for ψ2(r)
c1,−2 = −1
8
(i21 − 4ω20) ,
c1,−1 = −1
8
(i21 − 4ω20)(1 + f1(r)) .
(32)
Imposing (30) for n = 1 thus gives i1 = ±2ω0. This
corresponds to the θ2 contribution in Eq. (26) when one
expands that equation for θ → 0. We choose here the
solution
i1 = 2ω0 , (33)
since this is compatible with (16) (one can get the solu-
tion with the other choice of sign by making the replace-
ment ik → −ik in all expressions). Thus, we have chosen
the plus sign in Eq. (26). With this, we find
c1,0 = − 1
12
. (34)
Using the Stream equation (12) we compute for ψ3(r)
c2,−2 = −1
4
ω0
(
i2 − 2ω1 + 1
3
ω0 − 2c1,0ω0
)
. (35)
This can alternatively be obtained from (26) at order θ4.
Using Eq. (34) and solving c2,−2 = 0 for i2 we get
i2 = 2ω1 − 1
2
ω0 . (36)
We compute now
c2,−1 = −ω
2
0
48
(
12αω0 − 6rf ′1 + r2f ′′1
)
, (37)
where we used Eq. (34) and
c1,1 = −1
2
ω0 − 1
3
f1 +
1
4
rf ′1 −
1
8
r2f ′′1 . (38)
Note now that c2,−1 = 0 is an ordinary differential equa-
tion (ODE) for f1(r). The general solution of this is
f1(r) = b1 + b2r
7 +
12
7
αω0 log
r
r0
, (39)
with integration constants b1 and b2. Since f1/r should
go to zero for r →∞ we find b2 = 0. Thus,
f1(r) = Υ +
12
7
αω0 log
r
r0
, (40)
where Υ is an undetermined constant. At this point we
have determined c1,0, c1,1 and f1 in terms of α, ω0 and
Υ .
We now turn to (30) for n = 3. Using the Stream
equation (12) we compute
c3,−2 = −ω0
12
(
2i3 + ω1 − 4ω2 + ω0
45
)
+
2
3
ω20c2,0 , (41)
where we used (33), (34) and (36). This can alternatively
be obtained from (26) at order θ6. Notice that Eq. (41)
means that requiring c3,−2 = 0 implies ddr c3,−2 = 0 and
hence ddr c2,0 = 0 as required by (30) for n = 2.
We use now the Stream equation (12) to compute c2,0.
To do this, one needs in addition to compute c1,1 and
c1,2 in terms of f1 and f2. Inserting (40) one finds an
expression for c2,0 in terms of f2. Using this in (41) we
find
c3,−2 = −ω012 (2i3 + ω1 − 4ω2)
+
ω40
72
(
2α2 + 9Υ + 6Υ 2 − 8f2 + 8rf ′2 − r2f ′′2
)
+
αω50
42
(
−17− 7Υ + (9 + 12Υ ) log rr0
)
+α2ω60
(
− 27 log rr0 + 1249
(
log rr0
)2)
.
(42)
The equation c3,−2 = 0 is an ODE for f2(r). The solution
is
f2(r) = − 3
4ω30
(2i3 + ω1 − 4ω2) + α
2
4
+
9
8
Υ
+
3
4
Υ 2 + ω0
(
−165
112
α+
39
28
αΥ
)
+
837
392
α2ω20
+αω0
(
27
14
+
18
7
Υ +
117
49
αω0
)
log
r
r0
+
108
49
α2ω20
(
log
r
r0
)2
.
(43)
7In addition there is a homogenous piece of the form b1r+
b2r
8 which is required to be zero in order to have f2/r →
0 for r →∞.
We have now determined f1, f2, c1,0, c1,1, c1,2 and
c2,0. Inserting these known functions into c3,−1 computed
from the Stream equation (12) we get
c3,−1 = −ω0Υ
4
(2i3 + ω1 − 4ω2) + 11
504
αω30
+
(
2
3
c2,1 − 4
135
Υ +
1
4
αω1
)
ω20
+αω20
(
12
7
ω2 − 3
7
ω1 − 16
315
ω0 − 6
7
i3
)
log
r
r0
.
(44)
We use now the Stream equation (12) to get c2,1 in terms
of f3, and in the process we use that one can determine
c1,3 in terms of f3. This gives an expression for c3,−1 in
terms of f3 as the only unknown function. The equa-
tion c3,−1 = 0 then corresponds to an ODE for f3, with
solution
f3(r) = − 1
2ω30
(1 + 3Υ )(2i3 + ω1 − 4ω2)
+
α
14ω20
(60ω2 − 23ω1 − 30i3) + 3α
14ω0
+
2α2
3
+
5
4
Υ +
α2Υ
4
+
19Υ 2
12
+
Υ 3
2
+
(
2Υ 2 +
379
504
Υ +
α2
3
− 383
168
)
αω0
+
(
3445
1512
+
2467
588
Υ
)
α2ω20 +
28633
12348
α3ω30
+
{
−18α
7ω20
(2i3 + ω1 − 4ω2)
+
αω0
7
(15 + 3α2 + 38Υ + 18Υ 2)
+α2ω20
(
379
294
+
48
7
Υ
)
+
2467
343
α3ω30
}
log
r
r0
+
12
49
α2ω20 (19 + 18Υ + 24αω0)
(
log
r
r0
)2
+
864
343
α3ω30
(
log
r
r0
)3
.
(45)
In addition there is a homogenous piece b1r
2 + b2r
9 that
one should set to zero to have f3/r → 0 for r →∞. We
have now determined f1, f2, f3, c1,0, c1,1, c1,2, c1,3, c2,0
and c2,1.
One can continue in this way solving systematically
for the functions fk and cn,j . The next step is to solve
for c3,0, c2,2, c1,4 and f4 and subsequently c3,1, c2,3, c1,5
and f5. One can continue this iteratively, solving cn,0,
cn−1,2, cn−2,4,..., c2,2n−2 and f2n−2 and subsequently
cn,1, cn−1,3, cn−2,5,..., c2,2n−1 and f2n−1. In all cases
one ends up with a ODE for fk that one can solve. The
general form of the solution is
fn(r) = fn,0 +
n∑
j=1
fn,j
(
log
r
r0
)j
. (46)
Here the coefficients fn,j are specific functions of α, Υ ,
ωk and ik for k ≥ 0. Note that the homogenous piece is
of the form b1r
n−1 + b2rn+6 so for n ≥ 2 we need this to
be zero to have fn(r)/r → 0 for r →∞. Note also that
f1,0 = Υ . (47)
This is the only coefficient in the homogenous part of
the ODE’s for the fk(r) functions that can be non-zero.
One can read off more fn,j coefficients from the explicit
solutions (40), (43) and (45).
We have used the iterative procedure explained above
to solve for f1(r), f2(r), ..., f11(r) in terms of α, Υ , ωk
and ik for k ≥ 0. The expressions for these are recorded
in Mathematica files that we can send upon request.
With this, we have imposed the correct asymptotics on
ψ2(r), ..., ψ8(r).
While we have not found a general solution for the
functions fn(r) we noticed a simple expression for the
coefficients of the highest powers of the logarithms
fn,n = (n+ 1)
(
6
7
αω0
)n
. (48)
It would be highly interesting if one could use this as an
alternative starting point for a recursive procedure.
We noticed the following general feature for the fn,j
coefficients. For ω0 → 0 the leading term of fn,j behaves
as
fn,j ∼
{
ω
−3[n2 ]+5 j2
0 for j even ,
ω
1−3[n−12 ]+5 j−12
0 for j odd .
(49)
where [n2 ] is the integer part of
n
2 . We note also that fn,j
has an overall factor of αj . These observations we shall
use below.
Imposing in addition regularity on the event horizon
one gets (16) (assuming ψ1(r+) 6= 0) stating that ω0 is
half the angular velocity of the Kerr black hole
ω0 =
1−√1− α2
2α
(50)
Using the above results one has a large family of so-
lutions to the Stream equation (8) parametrized by α,
Υ , ωk and ik+2 for k ≥ 1. These solutions are regular
at the rotating axis θ = 0 and obey the monopole-type
asymptotics (18). However, for a given such solution, it is
not clear how it will behave if one approaches the event
horizon. While the necessary condition (50) is obeyed
(assuming ψ1(r+) 6= 0) for horizon regularity, this is not
sufficient to ensure regularity at the horizon. Thus, what
we have is a large family of solutions with regularity at
θ → 0 and r →∞, but not necessarily at r → r+.
Moreover, one should also impose regularity at the in-
ner and outer light surfaces. This is not guaranteed for
an arbitrary member of the large family of solutions that
we are considering, just as regularity at the event horizon
is not guaranteed. It would be potentially interesting to
consider this since one can use this to further restrict the
family of solutions.
8D. Taking the limit α→ 0
We now consider what happens in the limit α → 0.
The question here is whether one can connect to a so-
lution of the Stream equation in the background of a
Schwarzschild black hole in this limit.
We see from (50) that ω0 goes like α for α→ 0. Using
now (49) together with the fact that fn,j has an overall
factor of αj in its explicit expression, we see that without
fixing any of the parameters Υ , ωk and ik+2 for k ≥ 1,
we have that the leading term of fn,j in the α→ 0 limit
goes like
fn,j ∼
{
α−3[
n
2 ]+7
j
2 for j even
α2−3[
n−1
2 ]+7
j−1
2 for j odd
(51)
We now expand the parameters f1,0, ωk and ik+2 for
k ≥ 1 in powers of α. We can parametrize this as
ωk =
∞∑
m=0
ωk,mα
m , ik =
∞∑
m=0
ik,mα
m
Υ =
∞∑
m=0
umα
m
(52)
From (51) we see that f2,0 ∼ α−3. This means that there
are three equations for the α-expanded parameters that
one needs to satisfy to avoid that f2,0 diverges for α→ 0.
One could also consider f11,0 ∼ α−15 giving 15 equations
to satisfy. Considering in this way all the potentially
divergent terms in fn,j for n = 0, 1, ..., 11 we see from
(51) that one has in total 191 equations that need to be
satisfied.
One finds several equations linear in ω1,0 and i3,0 that
implies ω1,0 = 0 and i3,0 = 2ω2,0. With this, 51 of the
191 equations are satisfied. Next step one finds similarly
ω2,0 = 0 and i4,0 = 2ω3,0 (implying i3,0 = 0). With this
16 more equations are satisfied. The next steps are that
one finds ω3,0 = 0 and i5,0 = 2ω4,0 (implying i4,0 = 0)
and then ω4,0 = 0 and i6,0 = 2ω5,0 (implying i5,0 = 0).
After this we have 109 equations left to satisfy. One finds
now equations that demand
in+2 = 2ωn+1 − 1
2
ωn +O(α3) (53)
for n = 1, 2, 3, 4, 5. Subsequently, one finds an equation
demanding ω5,0 = 0 (implying i6,0 = 0). After this,
there are 72 equations left to satisfy. One finds then
equations for ωn,1 and ωn,2 with n = 2, 3, 4 that are linear
in the variables one solves for, but with the solutions
being polynomial expressions in terms of ω1,1 and ω1,2.
After this, one has 66 equations left to satisfy. Two of
these equations are
0 = 7797119165888 +
815609
13824 ω1,1 − 2048992592 ω21,1 + ω31,1
0 = − 5130896754541803776 − 3055746850327869184 ω1,1
+ 140803629675225472 ω
2
1,1 − 412819567 ω31,1 + ω41,1
(54)
These two polynomials do not have any common roots.
Hence it is not possible to satisfy both these equations.
The conclusion we can draw from the above consid-
eration is the following. Suppose we are given a non-
trivial smooth solution ψ(r, θ) of the Stream equation
(8) obeying the monopole-type asymptotic (18) and with
ψ1(r+) 6= 0. Then, under our assumptions, this cannot
be connected to any of the solutions of the Stream equa-
tion (8) in the background of the Schwarzschild black
hole (i.e. the α = 0 case). Thus, to generalize the
known α = 0 solutions of the Stream equation (8) with
monopole-type asymptotics one would have to break one
of our assumptions.
In particular, the generalization of the static monopole
solution (21) in the background of the Schwarzschild
black hole, to a rotating monopole solution in the back-
ground of the Kerr black hole needs further analysis.
Note that this also applies to the perturbative construc-
tion of the hyperbolic solution of [9].
VIII. PARABOLOIDAL-TYPE ASYMPTOTICS
We switch now to the case of paraboloidal-type asymp-
totics (19) of the flux function.
Consider first the left-hand side of the Stream equa-
tion (12). It is not difficult to see that ∂θ(θ
−1∂θψ) goes
like r3/2 in the limit (19). Turning to the right-hand
side of Eq. (12), the most divergent terms are written in
Eq. (25). The first term in (25) is for large r
(r2 + a2)Frθ
dI
dψ
' −r
2
θ
I
dI
dψ
= −r5/2
I dIdψ
η
(55)
where we defined
η ≡ √rθ (56)
which is finite in the limit (19). Thus, this term is
more divergent than the left-hand side of Eq. (12). Con-
sidering the second term in (25) we see that (r2 +
a2)(−Ω)∂r(√−gF tr) goes like r3/2 while
(r2 + a2)(−Ω)∂θ(
√−gF tθ) ' r5/2Ω d
dη
(
ηΩ
dψ
dη
)
(57)
We need that all the terms of order r5/2 on the right-hand
side of the Stream equation (12) cancel out. Hence, a
necessary condition for having paraboloidal-type asymp-
totics is that
I∞
dI∞
dψ∞
= ηΩ∞
d
dη
(
ηΩ∞
dψ∞
dη
)
(58)
where ψ∞(η), Ω∞(η) and I∞(η) correspond to the
asymptotic limits of ψ, Ω and I in the limit (19). If
we define a new variable γ by
dγ =
dη
ηΩ∞
(59)
9we can rewrite (58) as
1
2
d
dψ∞
I2∞ =
d2ψ∞
dγ2
(60)
Compute now
d
dγ
(
dψ∞
dγ
)2
= 2
dψ∞
dγ
d2ψ∞
dγ2
=
d
dγ
I2 (61)
Integrating this equation we get (dψ∞dγ )
2 = I2 using the
boundary condition that I∞ → 0 for η → 0. Therefore,
we get
Ω∞η
dψ∞
dη
= ±I∞ (62)
This is a necessary condition for having paraboloidal-type
asymptotics (19).
Assuming the angular expansion (10) for flux functions
ψ with paraboloidal-type asymptotics (19) we see that we
need to impose
ψn(r)
rn
finite for r →∞ (63)
for all n ≥ 1. One can check that this is satisfied pro-
vided (62). Thus, for the paraboloidal case it is sufficient
to impose the condition (62) on the asymptotic values of
ψ, Ω and I. Hence, one does not get conditions on the
subleading terms like for the case of monopole asymp-
totics.
IX. VERTICAL-TYPE ASYMPTOTICS
We turn finally to the case of vertical-type asymp-
totics (20) of the flux function. Considering the left-
hand side of the Stream equation (12) one can see that
∂θ(θ
−1∂θψ) goes like r3 in the limit (20). Considering
now all the terms on the right-hand side, including the
ones of Eq. (25), one can check that they all go like r3.
Thus, the Stream equation is consistent with the vertical-
type asymptotics (20) of the flux function without the
need of imposing any further conditions in the asymp-
totic region. Considering the angular expansion (10) for
flux functions ψ with vertical-type asymptotics (20) we
see it is equivalent to imposing
ψn(r)
r2n
finite for r →∞ (64)
for all n ≥ 1. One can readily check that this is always
true given any function ψ1(r).
X. CONCLUSION AND OUTLOOK
In this paper we have considered an expansion of solu-
tions of the Stream equation (8) around the rotation axis
at θ = 0 in the background of the Kerr black hole. This
has enabled us to consider general features of solutions
of the Stream equation for finite rotation parameter α of
the Kerr black hole. Most importantly, we have analyzed
solutions with monopole-type asymptotics (18) for finite
α, with the following main results:
• We find that one has terms of the type
θ2(n+ 1)
(
6
7
αω0
r0
r
log
r
r0
)n
(65)
in the flux function ψ that cannot be set to zero
when requiring monopole-type asymptotics. These
terms will induce similar non-zero terms at higher
orders in θ.
• In the α → 0 limit we find that any choice of so-
lution of the Stream equation will diverge in neg-
ative powers of α. Thus, it is not possible for any
solution of the Stream equation with α non-zero
that is regular at the horizon, at the rotation axis,
and that obeys monopole-type asymptotics (18) to
be connected to a solution of the Stream equation
at α = 0. This means that the perturbative con-
struction of the Blandford-Znajek (split-)monopole
is not possible, as it cannot be well-behaved asymp-
totically.
These results rely on the following assumptions
• ψ1(r+) is non-zero.
• The limits θ → 0 and r → ∞ limits commute for
the analytically extended ψ(r, θ) in the inner region
r < rOLS(θ).
• ψ(r, θ) in the inner region r < rOLS(θ) obeys the
monopole type asymptotics (18).
• We have regularity of ψ(r, θ) at the rotation axis
and at the event horizon.
Alternatively, one can also make the following stronger
assumptions
• ψ1(r+) is non-zero.
• ψ(r, θ) is smooth across the outer light surface r =
rOLS(θ).
• The limits θ → 0 and r → ∞ limits commute for
ψ(r, θ).
• ψ(r, θ) obeys the monopole type asymptotics (18).
• We have regularity of ψ(r, θ) at the rotation axis
and at the event horizon.
We have also analyzed the conditions on the flux
function ψ in the case of paraboloidal and vertical-type
asymptotics. For paraboloidal-type asymptotics (19) one
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has to impose the condition (62) on the asymptotic val-
ues of ψ, Ω and I. Instead for vertical-type asymptotics
(20) there are no requirements on the flux function.
Our results reveal some unresolved issues in the un-
derstanding of the Blandford-Znajek (split-)monopole
solution, at least in the way it has been constructed
in the literature up to this point. Blandford-Znajek
(split-)monopole has been used as an important ana-
lytical guide to the study of jet-physics for black holes
since it was proposed in [2]. Therefore it is important
to clear up it’s analytical realization, as the Blandford-
Znajek (split-)monopole is used as a primary example
of how one can have a magnetosphere around the Kerr
black hole, and to demonstrate the power output of the
black holes in a simple model (see for instance [11]). As
explained in the introduction, computing the power out-
put for the split-monopole case has been important for
the understanding of the radio loud/quiet dichotomy of
active galactic nuclei [11].
As we have explained in our paper, the inner light sur-
face does not affect our analysis, even if it is ending at the
rotation axis. This is because we only connect the anal-
ysis at the event horizon and in the asymptotic region
through the two parameters ω0 and i1. These two pa-
rameters are the same everywhere in the space-time due
to the integrability conditions (5)-(6) that ensure that Ω
and I are functions of ψ, and this statement is not af-
fected by the singular behavior of the Stream equation
(8) at the inner light surface. However, since it is possibly
to study the inner light surface for small θ, demanding
regularity of the magnetosphere at the inner light surface
should provide further conditions than the ones we found
by considering the event horizon and the asymptotic re-
gion. This would be highly interesting to consider.
For the monopole-type asymptotics, we have assumed
that the limits θ → 0 and r → ∞ commute. As noted
above, this is true for all known solutions [2, 7, 9, 14,
20]. Nevertheless, given our above results it would be
interesting to consider if one can evade our conclusions
by using a magnetic flux function ψ(r, θ) for which these
two limits do not commute.
Another, perhaps more promising avenue to pursue
concerns the outer light surface. Our analysis is strictly
concerned with the asymptotics in the inner region r <
rOLS(θ), as explained above. However, it is conceivable
that one could consider a magnetic flux function that is
not smooth at the outer light surface. Assuming analyt-
icity of ψ(r, θ) in the inner region, our results would still
apply to there. Therefore, a possible resolution could
by that the ψ(r, θ) in the inner region, analytically ex-
tended beyond the outer light surface, could have de-
viations from monopole-type asymptotics, and that this
could be allowed by allowing for discontinuity of ψ(r, θ)
across the outer light surface. This would be interesting
to consider further.
In this paper we considered what happens in the limit
α = J/(GM2) → 0. There is however another inter-
esting limit to explore. This is the limit α → 1, where
the Kerr black hole is spinning close to extremality [25].
This is important also in view of the fact that actual as-
trophysical black holes giving rise to electromagnetic jets
are supposed to be rotating very fast, close to extremal-
ity [10]. Examining this limit using the approach of this
paper could provide important feedback when comparing
the analytical results with numerical simulations. The
Stream equation for the near horizon geometry of ex-
tremal Kerr magnetosphere, the so-called NHEK geome-
try, has received considerable attention in the literature
[26–29] and it would be interesting to study the solutions
found in the NHEK geometry using our small θ expan-
sion. In fact, FFE exact solutions in the NHEK limit can
be very important as starting points for a perturbative
expansion around extremality in the same spirit as FFE
exact solutions in a Schwarzschild background, such as
the split-monopole, have been used as starting point for
an expansion in small α, i.e. small angular momentum
[2]. However, note that the highest possible spin of as-
trophysical black holes has been estimated to be around
α = 0.998 using thin accretion disks models [30]. There-
fore, the exact α = 1 NHEK magnetosphere solutions
might not suffice even for an approximate description. In
[31] it was considered another limit to go near the hori-
zon in a non-extremal case, to obtain the so called near-
NHEK geometry, where the spinning parameter α is near
1, but not exactly 1. This geometry should describe black
holes near extremality, like the spinning black holes that
give rise to the most energetic astrophysical jets. This
is another interesting avenue to pursue using our new
approach.
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